
ACADEMIC 5E9IE: 

UameWeUV can lead Wo iVVXeV ZiWh claUiW\. ThiV can make 
VXbgUoXping, and WhXV making infoUmed conclXVionV, 
difficXlW.3 On accoXnW of WhiV, maWhemaWicianV haYe de-
Yeloped YaUioXV WechniTXeV in alleYiaWing ineVVenWial 
dimenVionV in an effoUW Wo make machine leaUning al-
goUiWhmV moUe efficienW. ThiV pUoceVV iV knoZn aV di-
menVionaliW\ UedXcWion and iV cUXcial Wo XndeUVWand 
befoUe delYing inWo maWhemaWical modeling of comple[ 
daWa.4 

 
DimenVionaliW\ UedXcWion aimV Wo Vimplif\ daWaVeWV 
ZiWh Whe hopeV of making Whem moUe efficienW foU ma-
chine leaUning algoUiWhmV. DimenVionaliW\ UedXcWion 
can aVViVW ZiWh VcienWific XndeUVWanding b\ YiVXali]ing 
comple[ daWa. FoU e[ample, if a daWaVeW conViVWV of 50 
dimenVionV, When WheUe aUe 50 aWWUibXWeV caWegoUi]ing 
each indiYidXal poinW ZiWhin WhaW collecWion. ThiV 
makeV Whe pUoceVV of finding meaningfXl UelaWionVhipV 
YeU\ challenging aV a gUeaW deal of iUUeleYanW infoU-
maWion mXVW be filWeUed fiUVW. ThiV iUUeleYanW infoU-
maWion iV VomeWimeV UefeUUed Wo aV noiVe, laUge 
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SignificanW adYanceV in Whe field of machine leaUning 
can be aWWUibXWed Wo Whe Ueadil\ aYailable high-TXaliW\ 
daWaVeWV WhaW aUe YiWal foU WUaining algoUiWhmV.1 TheVe 
daWaVeWV pla\ an inWegUal Uole in Whe deYelopmenW of 
machine leaUning algoUiWhmV WhaW aWWempW Wo pUedicW 
oXWcomeV. ThiV iV done b\ pUoYiding compXWeUV ZiWh 
laUge and comple[ daWaVeWV, fUom Zhich Whe\ can de-
dXce paWWeUnV. ThiV knoZledge of paWWeUnV can be XVed 
Wo pUedicW fXWXUe oXWcomeV. An inVWance of pUedicWiYe 
modelling iV in annXal ZeaWheU pUedicWion. ClimaWolo-
giVWV and meWeoUologiVWV WUain machine leaUning algo-
UiWhmV ZiWh pUeYioXV ZeaWheU daWa Wo Uecogni]e paW-
WeUnV2. ThiV knoZledge iV When XVed Wo foUecaVW Xpcom-
ing ZeaWheU. ThiV pUedicWiYe pUoceVV iV boWh a benefiW 
and a bXUden. AlWhoXgh laUge VeWV of daWa pUoYide algo-
UiWhmV ZiWh a bUeadWh of infoUmaWion, Whe\ alVo hindeU 
WheiU efficienc\ ZiWh iUUeleYanW oU miVleading deWailV. 
FoU e[ample, cUoZding daWaVeWV ZiWh XnneceVVaU\ pa-
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AdYanceV in manifold leaUning haYe pUoYen Wo be of gUeaW benefiW in UedXcing Whe dimenVionaliW\ of laUge comple[ 
daWaVeWV. ElemenWV in an inWUicaWe daWaVeW Zill W\picall\ belong in high-dimenVional Vpace aV Whe nXmbeU of 
indiYidXal feaWXUeV oU independenW YaUiableV Zill be e[WenViYe. HoZeYeU, WheVe elemenWV can be inWegUaWed inWo a 
loZ-dimenVional manifold ZiWh Zell-defined paUameWeUV. B\ conVWUXcWing a loZ-dimenVional manifold and 
embedding iW inWo high-dimenVional feaWXUe Vpace, Whe daWaVeW can be Vimplified foU eaVieU inWeUpUeWaWion. In VpiWe 
of WhiV elemenWal dimenVionaliW\ UedXcWion, Whe daWaVeW¶V conVWiWXenWV do noW loVe an\ infoUmaWion, bXW UaWheU 
filWeU iW ZiWh Whe hopeV of elXcidaWing Whe appUopUiaWe knoZledge. ThiV papeU Zill e[ploUe Whe impoUWance of WhiV 
meWhod of daWa anal\ViV, iWV applicaWionV, and iWV e[WenVionV inWo Wopological daWa anal\ViV.  
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SXppoVe \oX ZiVhed Wo deWeUmine Whe pUobabiliW\ of a baVkeWball pla\eU VcoUing a WhUee-poinW VhoW. Anal\]ing pUe-
YioXV VcoUing daWa ZoXld gXide \oX in aUUiYing aW a logical pUedicWion. NoZ, imagine WhaW \oX aimed Wo pUedicW Whe 
ZeaWheU. Anal\]ing pUeYioXV ZeaWheU daWa ma\ noW be neaUl\ aV XVefXl giYen WhaW WheUe aUe an XnfaWhomable nXm-
beU of logged enWUieV WhaW each encompaVV a mXlWiWXde of chaUacWeUiVWicV VXch aV WempeUaWXUe, Zind Vpeed, VeaVon, 
eWc. An alWeUnaWiYe Wo inefficienWl\ UelaWing daWa poinWV baVed on a feZ oYeUlapping chaUacWeUiVWicV ZoXld be Wo 
Vimpl\ UedXce Whe comple[iW\ of Whe enWiUe VeW. RaWheU Whan pUedicWing Whe ZeaWheU baVed on do]enV oU hXndUedV 
of facWoUV, \oX ZoXld onl\ XWili]e Whe feZ WhaW aUe Whe moVW impacWfXl. ThiV iV manifold leaUning ± UedXcing Whe 
comple[iW\ of daWa VeWV foU a moUe efficienW e[aminaWion. Man\ algoUiWhmV aUe cXUUenWl\ being deYeloped and im-
pUoYed Wo limiW chaUacWeUiVWicV of daWa enWUieV, Zhile UeWaining cenWUal infoUmaWion. TheVe Vimplified enWUieV aUe 
gUaphed on a VmooWh cXUYe and connecWed. PoinWV WhaW aUe cUoZded Zill be VWUongl\ coUUelaWed; hence, illXminaW-
ing a hidden paWWeUn. ThiV papeU Zill e[ploUe Whe impoUWance of manifold leaUning in daWa anal\ViV and iWV applica-
WionV. 
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amoXnWV of addiWional oU meaningleVV infoUmaWion.5 If 
a dimenVionaliW\ UedXcWion algoUiWhm coXld be XVed Wo 
conYeUW 50 dimenVionV inWo 3, When iW ZoXld e[pediWe 
Whe pUoceVV of YiVXali]ing connecWionV beWZeen daWa 
poinWV. ApaUW fUom YiVXali]aWion, dimenVionaliW\ Ue-
dXcWion ma\ alVo aVViVW in elXcidaWing XndeUl\ing foUc-
eV behind comple[ daWaVeWV. FoU e[ample, dimenVion-
aliW\ UedXcWion can be XVed Wo impUoYe Whe geoph\Vical 
log daWa WhaW claVVifieV cU\VWalline UockV.6 Log fXncWionV 
aUe XVed Wo claVVif\ Uock W\peV afWeU Whe machineV 
meaVXUe WheiU chaUacWeUiVWicV, VXch aV VXUface aUea, 
denViW\, poUoViW\, eWc. HoZeYeU, man\ of WheVe log 
fXncWionV ma\ noW be of XVe aV VeYeUal diffeUenW W\peV 
of UockV haYe oYeUlapping chaUacWeUiVWicV. Shale and 
cla\VWone, foU e[ample, aUe YeU\ VimilaU in gUain Vi]e.7 
UVing log fXncWionV WhaW inclXde VimilaU chaUacWeUiV-
WicV, VXch aV gUain Vi]e, Zhen diffeUenWiaWing beWZeen 
Vhale and cla\VWone ZoXld be UedXndanW. WiWh Whe XVe 
of dimenVionaliW\ UedXcWion algoUiWhmV, UedXced-log 
VeWV WhaW aUe Whe moVW impoUWanW Wo Whe claVVificaWion 
pUoceVV can be XVed inVWead. FXUWheUmoUe, pUoYiding 
feedback Wo Whe oUiginal algoUiWhm can e[Wend Whe ca-
pabiliWieV of WhiV WechniTXe. Machine leaUning Zill al-
loZ Whe algoUiWhm Wo opWimi]e iWVelf b\ leaUning fUom 
Whe inVWanceV in Zhich iW ZaV coUUecW oU miVWaken.8 
ThiV Zill alloZ iW Wo make moUe VWaWiVWicall\ adYanWa-
geoXV deciVionV and pUioUiWi]e ZhaW UedXced-log fXnc-
WionV VhoXld be pUoYided Wo Whe geological machineU\. 
ThiV inVWance of dimenVionaliW\ UedXcWion in machine 
leaUning algoUiWhmV e[emplifieV Whe impoUWance of 
Vimplified daWaVeWV. 
 
The VimplificaWion of laUge daWaVeWV b\ dimenVionaliW\ 
UedXcWion VeUYeV Wo UemoYe UepeWiWiYe and oYeUlapping 
infoUmaWion. Take, foU e[ample, a laUge daWaVeW WhaW iV 
goYeUned b\ 100 dimenVionV. GiYen Whe nXmbeU of pa-
UameWeUV, WheUe iV boXnd Wo be oYeUlap in Whe daWa 
poinWV. IW iV poVVible WhaW oXW of 10,000 elemenWV, 
1,000 Zill miUUoU Whe Vame behaYioXU along 15 dimen-
VionV. If Whe goal iV Wo find UelaWionVhipV beWZeen daWa 
poinWV, When conWinXoXV oYeUlapping beWZeen paUame-
WeUV Zill noW VhoZ an\ Ueal connecWion. ThiV iV an in-
heUenW inefficienc\ in Whe machine leaUning V\VWem and 
can be Xndone b\ e[WUacWing Whe inWegUal paUameWeUV 
and e[clXding deUiYaWiYeV of Whe Vame dimenVionV.9 IW 
iV impoUWanW Wo noWe WhaW UedXcing Whe dimenVionV doeV 
noW inheUenWl\ limiW Whe daWa iWVelf. SXppoVe WheUe iV a 
laUge daWa VeW of one million paUWicipanWV and one hXn-
dUed dimenVionV WhaW indicaWe chaUacWeU WUaiWV. If Whe 
dimenVionV aUe UedXced Wo WhUee WUaiWV, VXch aV inWegUi-
W\, honeVW\, and UeVponVibiliW\, 97 dimenVionV VWill Ue-
main foU each daWa poinW. HoZeYeU, Whe addiWional 97 
dimenVionV aUe YiUWXall\ emphaVi]ed becaXVe Whe V\V-
Wem onl\ YiVXali]eV UelaWionVhipV beWZeen paUWicipanWV 
foU Whe WhUee WUaiWV. FXUWheUmoUe, WheUe coXld poVVibl\ 
be infiniWe dimenVionV Wo Whe daWaVeW, bXW onl\ one 
hXndUed ZeUe VelecWed iniWiall\, and WhUee lefW afWeU Whe 
UedXcWion. TheUefoUe, Whe poWenWial claVVificaWion of Whe 
daWaVeW iV noW boXnd b\ Whe WhUee dimenVionV VeW b\ 
Whe algoUiWhm. ThiV high-dimenVional Vpace WhaW Whe 

daWa coXld belong Wo iV knoZn aV Whe feaWXUe Vpace.10 
The loZ-dimenVional Vpace WhaW Whe algoUiWhm UedXceV 
Whe daWaVeW Wo UeflecWV Whe applied paUameWeUV. The 
manifold VWUXcWXUe WhaW Zill Voon be cUeaWed Zill im-
poUW aVpecWV of boWh high and loZ-dimenVional Vpace, 
and Zill find meaningfXl UelaWionVhipV fUom laUge VeWV 
of daWa.  
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NOTATION 
► The high-dimenVional poinWV Zill be VecWioned in 

maWUi[ X, ZheUe Whe LWh UoZ iV [L ([1, [2, …, [Q). HeUe, 
Q iV Whe nXmbeU of poinWV in Whe daWaVeW and can 
YaU\ Zidel\. SimilaUl\, Whe loZ-dimenVional paUam-
eWeUV Zill be \1, \2, …, \Q ZiWhin Whe maWUi[ Y.11 

► D iV denoWed aV Whe dimenVionaliW\ of Whe daWaVeW 
befoUe Whe UedXcWion algoUiWhm iV applied, locaWed in 
RD Vpace. ReVXlWanWl\, d iV Whe dimenVionaliW\ of Whe 
deUiYing manifold.12 

► (YL, ǊL) aUe eigenYecWoU-eigenYalXe paiUV foU L = 1, …, 
Q. FUom WhiV Ǌ1  ≥ Ǌ2 ≥ … ≥ ǊQ. If Y1, …, Yd aUe Whe d 
eigenYecWoUV in high-dimenVional Vpace, When YQ-d+1, 
…, YQ UepUeVenW Whe loZ-dimenVional d eigenYecWoUV. 
The eigenYecWoUV Zill change dXe Wo Whe UedXced 
dimenVionaliW\ of daWa. The noWion of eigenYecWoUV 
Zill be elaboUaWed on in Whe pUeliminaUieV VecWion.13 

► N iV Whe nXmbeU of neaUeVW neighboUV Zhile N(L) iV 
Whe VeW of N-neaUeVW neighboUV of [L. ThiV algoUiWhmic 
concepW Zill be diVcXVVed in Whe pUeliminaUieV Vec-
Wion.14 

PRELIMINARY MATHEMATICAL 
KNOWLEDGE 

EigenYecWoUV aUe a VeW of YecWoUV aVVociaWed ZiWh a line-
aU V\VWem of eTXaWionV, VXch aV Whe oneV foXnd in Whe 
maWUi[ X and Y eVWabliVhed pUeYioXVl\.15 Each of WheVe 
eigenYecWoUV Zill haYe a coUUeVponding eigenYalXe. If 
(Y, Ǌ) iV an eigenYecWoU-eigenYalXe paiU of Vpace R, 
When foU an\ L, (YL, Ǌ) iV an eigenYecWoU-eigenYalXe paiU 
of RL. SimilaUl\, foU an\ N, (NY, Ǌ) iV an eigenYecWoU-
eigenYalXe paiU of NR. 
 
The K-neaUeVW neighboUV (KNN) algoUiWhm iV Zidel\ 
XVed in paWWeUn UecogniWion and machine leaUning.16 IW 
iV an e[ample of a VXpeUYiVed machine leaUning algo-
UiWhm, Zhich UelieV on labeled inpXW daWa Wo leaUn and 
When pUodXce an appUopUiaWe oXWpXW Zhen giYen neZ 
Xnlabeled daWa. TheVe algoUiWhmV can be XVed Wo VolYe 
claVVificaWion oU UegUeVVion pUoblemV. KNN aVVXmeV 
WhaW daWa poinWV ZiWh VimilaU chaUacWeUiVWicV Zill UeVide 
cloVe Wo one anoWheU on a YiVXal plane, VXch aV a mani-
fold VWUXcWXUe. IniWiali]ing a N-YaOXe Zill find Whe daWa 
poinWV cloVeVW Wo a VelecWed VWaUWing poinW. FoU e[ample, 
if N iV iniWiali]ed Wo N = 3 and Whe fiUVW daWa poinW iV de-
fined aV [ = 1, When Whe algoUiWhm Zill find Whe WhUee 
moVW VimilaU daWa poinWV Wo Whe [-YaOXe. UlWimaWel\, Whe 
algoUiWhm Zill find Whe deViUed poinWV b\ Waking Whe 
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UiWhmV can be checked foU accXUac\ b\ iniWiali]ing 
Whem ZiWh WUaining daWa, When pUoYiding Whem ZiWh 
neZ WeVW daWa Wo Vee if Whe\ VoUW in a VimilaU faVhion.19 IW 
iV cUiWical WhaW YaUiance iV minimi]ed beWZeen VimilaU 
daWa poinWV, bXW ma[imi]ed foU diVVimilaU oneV.20 EV-
VenWiall\, iW iV ideal Wo haYe WighWl\ packed clXVWeUV WhaW 
aUe Vpaced oXW along Whe lineaU VXbVpace. ThiV Zill be 
beneficial Zhen gUoXping daWa WhaW iV VimilaU and Vepa-
UaWing VeWV WhaW aUe noW. PCA Zill UendeU a daWaVeW de-
Yoid of an\ iUUeleYanW feaWXUeV, aV no e[WUaneoXV di-
menVionV Zill be inclXded b\ Whe algoUiWhm. A Vample 
PCA ploW WhaW compaUeV WhUee  VpecieV of IULV planWV iV 
illXVWUaWed in FLJXUe 1. 

FLJXUe 1. P\WKRQ ZaV XVed WR SeUfRUP PCA fRU 
WKUee dLffeUeQW VSecLeV Rf Iris SOaQWV. A[eV of 
VimilaUiWieV ZeUe gUoZWh habiWV and bloom WimeV 
(aUbiWUaU\ XniWV). IULV YeUVLcRORU and IULV YLUJLQLca ap-
peaU Wo be VimilaU ZiWh UeVpecW Wo paUameWeUV aV Whe\ 
clXVWeUed, Zhile IULV VeWRVa iV diffeUenW fUom Whe oWheU 
WZo (Vee Appendi[ A). 
 
In oUdeU Wo model Whe manifold VWUXcWXUe, iW iV im-
poUWanW Wo fiUVW deYelop a ma[imXm YaUiance eTXaWion 
WhaW Zill VegUegaWe XnUelaWed elemenWV in a daWaVeW. 
SXppoVe WhaW Whe maWUi[ X ε RQ[D haV UoZV, Zhich aUe 
D-dimenVional daWa poinWV. Along WhiV Vpace of RD, 
WheUe mXVW be a lineaU VXbVpace ZheUe Whe pUoYided 
daWaVeW haV a ma[imXm YaUiance.21,22 

 
 

 
ZheUe V iV an oUWhogonal D [ d maWUi[. If d = 1, When 
WheUe iV Vimpl\ a XniW-lengWh YecWoU aV Whe oUWhogonal 
maWUi[ Zill be compoVed of onl\ one colXmn. ThiV iV 
ideal foU conVWUXcWing Whe objecWiYe eTXaWion, aV diUec-

VhoUWeVW diVWance beWZeen Whe iniWiali]ed YalXe and Whe 
oWheU YalXeV ZiWhin Whe daWaVeW. FoU WhiV e[ample, Whe 
WhUee VhoUWeVW diVWanceV Zill e[emplif\ Whe WhUee neaU-
eVW neighboUV and WhoVe Zill be oXWpXWWed. ThiV algo-
UiWhm pUoYeV YeUVaWile foU claVVif\ing Whe VimilaUiWieV 
and diffeUenceV ZiWhin a daWaVeW. 
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LINEAR DIMENSIONALITY RE-
DUCTION 

PUincipal ComponenW Anal\ViV (PCA) iV a WechniTXe foU 
UedXcing Whe dimenVionaliW\ of laUge daWaVeWV Zhile 
ma[imi]ing inWeUpUeWabiliW\ and minimi]ing infoU-
maWion loVV.17 SXppoVe WheUe iV a daWaVeW ZiWh poinWV 
WhaW VhaUe VimilaU chaUacWeUiVWicV. TheVe poinWV belong 
in Whe Vame dimenVionV, bXW aUe VWill XniTXe in WheiU 
oZn UeVpecWV. If Whe nXmbeU of chaUacWeUiVWicV 
(dimenVionV) ZeUe UedXced, When Whe XniTXeneVV of 
each poinW coXld be moUe eaVil\ obVeUYed and TXanWi-
fied. FUom WhiV, compaUiVonV can be made beWZeen 
each daWa poinW along Vpecific paUameWeUV Wo beWWeU Xn-
deUVWand WheiU VimilaUiWieV and diffeUenceV. FoU in-
VWance, VXppoVe WheUe aUe WhUee biological cellV WhaW 
each VhaUe a common gene;18 hoZeYeU, Whe peUcenWage 
of WheiU genome WhaW conViVWV of WhaW gene iV diffeUenW. 
If WhaW peUcenWage iV Whe XndeUl\ing paUameWeU, When 
each cell can be compaUed Wo Whe oWheU Wo deWeUmine 
UelaWiYe VimilaUiW\ (i.e.  cell 1-Wo-cell 2, cell 2-Wo-cell 3, 
and Vo on). ThiV Zill elXcidaWe Zhich cellV aUe moVW 
VimilaU ZiWh UeVpecW Wo WhaW Vpecific dimenVion, \ield-
ing VeYeUal coUUelaWional obVeUYaWionV amongVW Vam-
pleV in Whe daWaVeW. HoZeYeU, if Whe nXmbeU of cellV in-
cUeaVeV lineaUl\, When Whe nXmbeU of poVVible combina-
WionV Zill incUeaVe e[ponenWiall\. ThiV Zill become in-
cUeaVingl\ UepeWiWiYe and inefficienW in Whe long UXn 
ZiWh laUge daWaVeWV. InVWead, a PCA ploW iV conVWUXcWed, 
Zhich Zill conYeUW Whe coUUelaWionV, oU lack WheUeof, 
among all Whe cellV inWo a 2-D gUaph. CellV WhaW aUe 
highl\ coUUelaWed Zill clXVWeU WogeWheU giYen WhaW Whe\ 
VhaUe YeU\ VimilaU chaUacWeUiVWicV. PeUhapV if Vome 
cellV aUe YeU\ VimilaU in Vpecific chaUacWeUiVWicV, Whe\ 
Zill eYen oYeUlap. TheVe oYeUlapping clXVWeUV aUe e[-
cepWionall\ YalXable aV Whe\ demonVWUaWe gUeaW VimilaU-
iW\ ZiWh UeVpecW Wo Whe dimenVionaliW\ of Whe PCA ploW. 
LimiWed dimenVionaliW\ oYeUlap pUoYideV a compUe-
henViYe oXWlook on hoZ Vome poinWV UeacW Wo onl\ a 
feZ paUameWeUV, Zhich can When be e[ploUed fXUWheU. 
Once Whe clXVWeUV aUe idenWified, Whe cellV conWained 
ZiWhin can be e[amined indiYidXall\ Wo VWXd\ Zh\ coU-
UelaWionV ZeUe deWecWed b\ Whe algoUiWhm. ThiV meWhod 
iV noW e[clXViYe Wo cellV and can be applied Wo an\ laUge 
daWaVeW WhaW needV Wo be Uefined b\ Vpecific dimen-
VionV. IW iV alVo impoUWanW Wo noWe WhaW Whe UelaWiYe diV-
WanceV beWZeen clXVWeUV iV VignificanW. If a Vpecific di-
menVion iV pUioUiWi]ed, When clXVWeUV VpUead oXW along 
Whe a[eV of WhaW dimenVion Zill noW be aV cloVel\ coUUe-
laWed becaXVe WheiU YalXeV Zill diffeU gUeaWl\. PCA algo-

ET. 1 
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Wion of Whe ma[imXm YaUiaWion Zill be giYen b\ Whe 
XniW YecWoU Zhich conWainV Whe pUojecWed daWa poinWV. 
 
 
 
To Vimplif\ WhiV eTXaWion, Whe daWaVeW can be aVVXmed 
Wo be mean-cenWeUed, Zhich Zill eliminaWe Whe VXm of 
Whe YecWoUV ZiWhin Whe one-colXmn maWUi[. ThiV can be 
Veen aV a poVVible limiWaWion of Whe meWhod, aV Whe pUo-
ceVV of ma[imi]ing YaUiance becomeV incUeaVingl\ 
moUe comple[ aV moUe elemenWV aUe added Wo Whe Yec-
WoU. 

 
 

 
NoWe WhaW  iV Whe VXm of all        . GiYen WhaW V  iV 
an oUWhogonal maWUi[, Whe WUanVpoVe mXVW be Waken foU 
     , making Whe eTXaWion 14. 
 
 
 
 
 
In oUdeU Wo condXcW maWUi[ mXlWiplicaWion foU ETXaWion 
4¶V VTXaUed WeUmV, Whe WUanVpoVe of Whe WeUmV mXVW be 
XVed.14 ThiV WUanVpoVe meWhod iV Whe UeVXlW of mXlWipl\-
ing WZo YecWoUV. 

 
 
 
 
 
 
 
 
 

ETXaWion 6 mXVW be fXUWheU ma[imi]ed b\ VeWWing Y Wo 
Whe laUgeVW coUUeVponding eigenYecWoU, aV Veen in 
ETXaWion 7. ThiV Zill \ield a manifold cXUYe WhaW iV em-
bedded in high-dimenVional Vpace, Zhile being loZ-
dimenVional iWVelf. ThiV UemoYeV Whe VXm compo-
nenW and leaYeV Whe  maWUi[, Whe oUWhogonal maWUi[, 
and WheiU UeVpecWiYe WUanVpoVeV. 

 
 

foUe Whe concepWV of homeomoUphiVm can be diV-
cXVVed. 
 
HomeomoUphiVm iV a meWhod of defoUmaWion WhaW iV 
XniTXe Wo Whe VWXd\ of Wopological VWUXcWXUeV. A home-
omoUphiVm iV a conWinXoXV fXncWion beWZeen Wopologi-
cal VpaceV WhaW alVo haV a conWinXoXV inYeUVe fXnc-
Wion.23 In Whe field of Wopolog\, fXncWionV can be chaU-
acWeUi]ed aV objecWV. If WZo objecWV aUe homeomoUphic, 
Whe\ can be defoUmed inWo each oWheU b\ conWinXoXV 
and inYeUWible mapping.23 To beWWeU YiVXali]e WhiV con-
cepW, imagine a donXW made of cla\. ThiV donXW can be 
moUphed inWo Whe Vhape of a coffee cXp b\ moXlding 
Whe VXUfaceV, and ZiWhoXW cXWWing oU adding an\ neZ 
cla\. TheVe WZo objecWV aUe Wopologicall\ eTXiYalenW. A 
manifold iV a Wopological Vpace WhaW UeVembleV WhaW of 
EXclidean Vpace, bXW onl\ locall\.22 FoU Whe pXUpoVeV of 
WhiV e[ploUaWion, YiVXali]e EXclidean Vpace aV a VWand-
aUd cooUdinaWe a[iV, mXch like Whe [-a[iV on Whe caUWe-
Vian plane. ThaW iV Wo Va\, Whe YiciniW\ of each poinW can 
haYe a cooUdinaWe a[iV Zhich behaYeV EXclidean, bXW 
ma\ noW be. FoU inVWance, Whe VXUface of a VpheUe iV a 
manifold. FoU an\ poinW on Whe VXUface of Whe VpheUe, 
WheUe can e[iVW a local cooUdinaWe V\VWem. HoZeYeU, 
WhaW nXmbeU line Zill onl\ be Yalid foU a Vmall VecWion 
aV moYemenW aZa\ fUom WhaW VecWion of Whe VXUface Zill 
change Whe angle and WhXV Whe VWUaighW cooUdinaWe V\V-
Wem Zill fail Wo be of XVe. On accoXnW of WhiV, manifoldV 
aUe locall\ homeomoUphic Wo EXclidean Vpace. MaWhe-
maWicall\, a d-dLPeQVLRQaO manifold M iV locall\ ho-
meomoUphic ZiWh Rd. The local VecWion of a manifold 
can be labeled aV neighboUhood N[ foU each [ ε M, giY-
en WhaW each neighboUhood iV locall\ homeomoUphic 
ZiWh EXclidean Vpace, f : N[ -> Rd. The pUoceVV of inWe-
gUaWing a manifold M in a VecWion of Rd Vpace iV knoZn 
aV embedding.24 UndeUVWanding Whe Wopolog\ and ge-
omeWU\ behind manifoldV Zill alloZ foU iWV accXUaWe 
algoUiWhmic implemenWaWion.  
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MANIFOLDS 

ThiV VecWion Zill focXV on Whe chaUacWeUiVWicV of a mani-
fold, aV Zell aV Whe Za\V in Zhich Whe VWUXcWXUe UelaWeV 
Wo geneUal Wopolog\ and geomeWU\. AV menWioned pUe-
YioXVl\, Whe goal of WhiV e[ploUaWion iV Wo obWain a man-
ifold ZhoVe paUameWeUV lie in loZ-dimenVionV Zhile 
Whe acWXal daWa poinWV aUe high-dimenVional. IW iV im-
poUWanW Wo UemembeU WhaW Whe feaWXUe Vpace iV RD and 
Whe UedXced Vpace iV Rd. Hence, D Zill be laUgeU Whan d 
aV iWV dimenVionaliW\ haV noW been UedXced. ThiV diV-
WincWion and noWaWion aUe impoUWanW Wo UemembeU be-

MANIFOLD LEARNING 

ThiV VecWion Zill diVcXVV hoZ algoUiWhmV Zill leaUn 
fUom manifoldV WhaW aUe conVWUXcWed ZiWh comple[ da-
WaVeWV. SXppoVe WheUe iV a daWa VeW [1, …, [Q ε RD and iWV 
dimenVionaliW\ needV Wo be UedXced foU iW Wo be inWeU-
pUeWed conclXViYel\. PCA ZoXld noW ZoUk in WhiV caVe 
aV Whe daWa doeV noW lie on a loZ-dimenVional VXbVpace 
of RD. TU\ing Wo appl\ PCA ZoXld Wake faU Woo long and 
be an inefficienW XVe of UeVoXUceV aV mXlWiple WUial com-
binaWionV beWZeen daWa poinWV ZoXld need Wo be geneU-
aWed. InVWead, Whe daWaVeW VhoXld be inWeUpUeWed aV l\-
ing on a d-dLPeQVLRQaO manifold embedded in RD.25 AV 
pUeYioXVl\ menWioned, d mXVW be a gUeaW deal VmalleU 
Whan D foU dimenVionaliW\ UedXcWion Wo occXU. FoU Vim-
pliciW\, iW Zill be aVVXmed WhaW Whe manifold iV onl\ WZo
-dimenVional. ThiV ZoXld \ield a Vingle cooUdinaWe V\V-
Wem. The manifold M can be conVWUXcWed fUom daWaVeW 
[1, …, [Q ε RD in a Vingle cooUdinaWe V\VWem f : N[ -> Rd 
aV a UeVXlW of \1, …, \Q ε Rd, ZheUe \L = f([L).26 An algo-
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UiWhm Zill leaUn Wo aVVemble a manifold fUom a daWaVeW 
WhUoXgh WhiV pUoceVV, hence, manifold leaUning. An e[-
ample of a Vimple manifold UeVXlWing fUom a WUaining 
daWaVeW iV Whe VXUface cXUYe. ThiV cXUYe iV a WZo-
dimenVional manifold in WhUee-dimenVional Vpace. 
ThiV iV Wopologicall\ idenWical Wo WhaW of a VpheUe, 
ZheUe Whe VXUface can be homeomoUphic Wo an S-
Vhaped cXUYe. The cXUYe haV lengWh and ZidWh, Zhich 
makeV iW WZo-dimenVional, bXW iW UeVideV in WhUee-
dimenVionV. ThaW Vame cXUYe can VWUeWch Wo a YaUieW\ of 
diffeUenW objecWV in oUdeU Wo demonVWUaWe Whe homeo-
moUphic TXaliWieV of Whe VWUXcWXUeV. The concepW of ho-
meomoUphiVm beWZeen WheVe Wopological VWUXcWXUeV iV 
impoUWanW becaXVe ploWWed daWaVeWV can \ield XnpUe-
dicWable VhapeV, VXch aV a VpheUe. HomeomoUphiVm 
demonVWUaWeV WhaW Whe YiVXali]aWionV can be moUphed 
Wo Vimplif\ Whe UelaWionVhipV, WhXV deUiYing meaning 
fUom comple[ daWa. The abiliW\ foU a compXWeU Wo leaUn 
a manifold fUom a VeW of poinWV pUoYeV Wo be inWUicaWe 
and ceUebUal, and haV coXnWleVV applicaWionV Zhen XWi-
li]ing a Uange of daWaVeWV. 

laU clXVWeU, aV WheVe poinWV aUe VimilaU ZiWh UeVpecW Wo 
Whe paUameWeUV. ThiV iV done Wo \ield MDS inWeUpoinW 
diVWanceV WhaW aUe VimilaU, if noW idenWical, Wo Whe KNN 
diVWanceV in Whe IVomap meWhod. IVomap Zill V\nWhe-
Vi]e a manifold and conVWUXcW lineV beWZeen Whe poinWV, 
Zhile MDS Zill find Whe diVWanceV beWZeen WheVe 
poinWV. MDS can onl\ be XVed locall\ aV iW XVeV EXclid-
ean geomeWU\, Zhich iV a local cooUdinaWe V\VWem. AV 
Whe manifold cXUYeV ZiWh Whe addiWion of moUe daWa 
poinWV, Whe MDS Zill noW ZoUk foU compaUing daWa 
poinWV WhaW aUe fXUWheU apaUW. Hence, MDS can onl\ be 
XVed Wo geW diVWanceV of neighboUing poinWV afWeU IVo-
map haV conVWUXcWed Whe manifold. FLJXUe 2 VhoZcaV-
eV an e[ample of MDS compaUing Whe pUeVence of WZo 
meWagenomeV in fiYe diffeUenW pig oUganV. GUeaWeU diV-
WanceV beWZeen daWa poinWV coUUelaWeV Wo moUe Vignifi-
canW diffeUenceV ZiWh UeVpecW Wo Whe meWagenomic pUeV-
ence. UlWimaWel\, boWh meWhodV Zill pUoYe fUXiWfXl in 
Whe e[ploUaWion Wo geneUaWe a Wopological manifold 
fUom a laUge daWaVeW. 

FLJXUe 2. E[aPSOe Rf MDS XVed WR SORW dLVVLPL-
OaULWLeV fRU WZR aUbLWUaU\ PeWaJeQRPeV LQ fLYe 
dLffeUeQW LQWeVWLQaO VecWLRQV Rf a SLJ. ThiV ploW 
VhoZcaVeV Whe genomic pUeVence of each meWagenome 
in Whe diffeUenW VecWionV. PoinWV clXVWeUed WogeWheU aUe 
VimilaU in WheiU meWagenomic compoViWion foU Whe WZo 
choVen genomeV. InWeUpoinW diVWanceV aUe Waken be-
WZeen each poinW and WhaW oUgan VecWion¶V aYeUage 
NMDS1 and NMDS2 YalXe. InWeUpoinW diVWance illXV-
WUaWeV hoZ deYiaWed a poinW iV fUom Whe oWheU VampleV 
in Whe Vame VecWion.31 

 

Taking diVWanceV beWZeen adjacenW poinWV can be done 
XVing IVomap and MDS aV Whe geneUaWed diVWanceV Zill 
be UelaWiYel\ Vmall. HoZeYeU, daWa poinWV WhaW aUe fXU-
WheU apaUW Zill be moUe difficXlW aV MDS onl\ WakeV EX-
clidean diVWanceV, Zhich cannoW be done beWZeen daWa 

ISOMAP AND MULTIDIMENSIONAL 
SCALING 

IVomap iV a nonlineaU dimenVionaliW\ UedXcWion meWh-
od, Zhich makeV iW ideal foU Whe modeling of a mani-
fold b\ embedding Whe daWaVeW¶V infoUmaWion inWo EX-
clidean Vpace. Specificall\, IVomap compXWeV a TXaVi-
iVomeWUic and loZ-dimenVional VWUXcWXUe b\ embed-
ding VeWV of high-dimenVional daWa poinWV.27 QXaVi-
iVomeWU\ UefeUV Wo a laUge-Vcale geomeWUical figXUe¶V 
fXncWion WhaW ignoUeV Whe Vmall-Vcale deWailV. ThiV al-
loZV foU Whe eaV\ eVWimaWion of a VWUXcWXUe'V inWUinVic 
geomeWU\ baVed on a UoXgh eVWimaWe of each daWa 
poinW¶V neighboUV.28 Recall WhaW in oUdeU Wo find a daWa 
poinW¶V VimilaUiWieV ZiWh oWheU inpXWV, iW mXVW be 
gUoXped ZiWh WhoVe inpXWV along a loZ-dimenVional 
plane. IVomap Zill emplo\ KNN, Zhich Zill alloZ foU 
Whe algoUiWhm Wo find Whe poinWV WhaW aUe cloVeVW Wo each 
oWheU, and hence, Whe moVW VimilaU in chaUacWeUiVWicV 
UelaWiYe Wo Whe paUameWeUi]ed a[eV. PoinWV WhaW aUe cloV-
eVW WogeWheU in Whe KNN algoUiWhm Zill When be 
gUoXped WogeWheU in Whe final manifold. In oUdeU Wo em-
bed Whe neceVVaU\ daWaVeW inWo a manifold, a mXlWidi-
menVional Vcaling (MDS) algoUiWhm mXVW fiUVW be XWi-
li]ed.29 ThiV iV VimilaU Wo IVomap, ZheUe infoUmaWion iV 
YiVXali]ed b\ diVpla\ing Whe conWenWV in a diVWance ma-
WUi[. DiVpla\ing Whe elemenWV of a maWUi[ along a VeW of 
a[eV Zill VoUW Whe infoUmaWion inWo gUoXpV WhaW aUe Vim-
ilaU, WheUeb\ elXcidaWing paWWeUnV amongVW Whe daWaVeW. 
ThiV iV anoWheU meWhod of nonlineaU dimenVionaliW\ 
UedXcWion. The impoUWance of MDS iV Wo find inWeUpoinW 
diVWanceV in Whe YiVXali]ed daWaVeW.30 EVVenWiall\, inWeU-
poinW diVWanceV UefeUV Wo Whe diVWance beWZeen WZo 
poinWV Uandoml\ choVen on a ploW. FoU WhiV e[ploUa-
Wion, Whe poinWV Zill be Uandoml\ choVen ZiWhin a Vimi-
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poinWV WhaW aUe on diffeUenW cXUYed VecWionV of a mani-
fold. InVWead, diVWanceV beWZeen poinWV on a manifold 
mXVW be Waken. To beWWeU YiVXali]e WhiV, imagine WZo 
poinWV on a VpheUe WhaW aUe faU apaUW. The diVWance be-
WZeen WheVe poinWV cannoW be calcXlaWed, becaXVe iW 
ZoXld inYolYe paVVing WhUoXgh Whe VpheUe Wo geW Whe 
VhoUWeVW lengWh. InVWead, Whe diVWance mXVW be Waken 
Zhile VWill WUaYeling along Whe VXUface of Whe VpheUe. 
ThiV Zill inYolYe WUacing fUom poinW A Wo poinW Z. A 
compXWeU can do WhiV b\ Waking Whe diVWance fUom poinW 
A Wo Vome poinW B WhaW iV cloVeU Wo poinW Z and alVo 
cloVe enoXgh Wo poinW A, Vo WhaW Waking Whe diVWance 
doeV noW inYolYe paVVing WhUoXgh Whe cXUYed VXUface of 
Whe VpheUe. Then, Whe diVWance beWZeen poinW B and 
Vome oWheU poinW C can be Waken, and WhaW diVWance Zill 
add Wo Whe pUeYioXVl\ menWioned diVWance. ConWinXoXV-
l\, poinWV Zill be VelecWed WhaW aUe VepaUaWing poinW A 
and poinW Z, XnWil a diVWance iV obWained beWZeen Whe 
WZo poinWV faU apaUW. ThiV iV knoZn aV DijkVWUa¶V algo-
UiWhm.32. ThiV algoUiWhm can be applied Wo WhiV e[ploUa-
Wion Wo conVWUXcW a manifold. FoU daWa poinWV WhaW aUe 
faU apaUW, VmalleU diVWanceV beWZeen WhoVe poinWV can 
be calcXlaWed and When added Wo \ield Whe cXmXlaWiYe 
diVWance. HaYing MDS calcXlaWe local diVWanceV and 
DijkVWUa¶V algoUiWhm TXanWif\ laUgeU diVWanceV Zill al-
loZ foU Whe conVWUXcWion of a manifold WhaW conWainV all 
daWa poinWV. 
 
DijkVWUa¶V algoUiWhm can be maWhemaWicall\ e[pUeVVed, 
and When implemenWed inWo Whe IVomap and MDS algo-
UiWhm. If [L, [M aUe poinWV on Whe manifold and G([L, [M) 
iV Whe diVWance beWZeen Whem, When WheUe iV a chaUW f : 
M -> Rd, VXch WhaW                                 .33 In WhiV eTXa-
Wion, Whe VhoUW diVWanceV acUoVV high-dimenVional EX-
clidean Vpace Zill be calcXlaWed fUom neighboUing 
poinWV. ThiV eTXaWion Zill noW pUoYe XVefXl hoZeYeU, 
foU diVWanceV WhaW VWUeWch faU acUoVV Whe manifold VWUXc-
WXUe. ThiV iV, again, dXe Wo Whe facW WhaW Whe manifold iV 
locall\ lineaU, and Whe eTXaWion Zill haYe Wo map 
WhUoXgh paWhV WhaW haYe alUead\ been delineaWed. In-
VWead, DijkVWUa¶V algoUiWhm can be XVed Wo eVWimaWe Whe 
diVWance fUom one poinW Wo anoWheU XVing Whe pUe-
e[iVWing diVWanceV connecWing each adjacenW poinW34. 
ThiV Zill eVWimaWe Whe diVWanceV beWZeen diVWanW 
poinWV, Zhich Zill accompan\ Whe infoUmaWion alUead\ 
appUo[imaWed fUom Whe afoUemenWioned eTXaWion. NoZ 
WhaW IVomap haV been XWili]ed, MDS can be pXW inWo 
effecW. Recall WhaW MDS Zill calcXlaWe inWeUpoinW diV-
WanceV WhaW coUUeVpond Wo Whe KNN diVWanceV calcXlaW-
ed XVing IVomap. In oUdeU Wo XVe MDS, Whe calcXlaWed 
EXclidean diVWanceV Zill need Wo be conYeUWed Wo a 
GUamian maWUi[. A GUamian maWUi[ conViVWV of all poV-
Vible inneU pUodXcWV of anoWheU maWUi[.35 In WhiV paUWic-
XlaU pUoblem, Whe VWaUWing maWUi[ iV D ε RQ[Q. If X iV Whe 
maWUi[ of D WhaW iV needed, When B iV Whe GUamian ma-
WUi[; B = XXT, ZheUe X  iV foXnd WhUoXgh VpecWUal de-
compoViWion of B inWo UΛUT.36 ThiV Zill \ield X = 
UΛ1/2. FUom heUe, PCA Zill again be emplo\ed Wo pUo-
jecW X onWo d-dimenVionV giYen WhaW WheUe iV a deViUe Wo 
keep Whe daWa embedded in a loZ-dimenVional mani-

fold. ThiV Zill \ield XV, ZheUe V ε RQ[d iV Whe oUiginal 
maWUi[ conWaining Whe daWaVeW. HeUe, Whe UoZV aUe ei-
genYalXeV Zhile Whe colXmnV aUe eigenYecWoUV. TheVe 
eigenYecWoUV Y1, … , Yd aUe pUoYided b\ 
 
 
 
SXbVWiWXWe Whe VWUXcWXUal decompoViWion foUmXla men-
Wioned aboYe inWo ETXaWion 8 and e[pand WeUmV of ma-
WUi[ and iWV WUanVpoVe Wo Vimplif\. 
 
 
 
 
 
 
 
 
Zhen YL = eL, eL iV Whe LWh VWandaUd baViV YecWoU. Hence, 
XV = X[e1…ed] = [X]Q[d. AlWhoXgh WhiV VeemV TXiWe V\n-
WacWical and comple[, iW VignifieV WhaW Whe dimenVionali-
W\ of Whe VXbVpace in Zhich Whe manifold lieV iV e[acWl\ 
ZheUe Whe maWUi[ X lieV. Hence, MDS can be XVed Wo 
find Whe dimenVionaliW\ of Whe manifold Vpace. HoZeY-
eU, WhiV meWhod of MDS iV limiWed in iWV capabiliWieV 
Vince D¶V diVWanceV aUe meUel\ an appUo[imaWion. If Whe 
appUo[imaWion deYiaWeV fUom IVomap¶V appUo[ima-
WionV Woo gUeaWl\, WhiV Zill pUeYenW Whe foUmaWion of Whe 
GUamian maWUi[. ImpUoYing Whe algoUiWhm Wo accom-
modaWe foU WhiV miVWake can VeUYe aV a fXWXUe e[WenVion 
Wo WhiV e[ploUaWion. FUom WheVe calcXlaWionV, Whe diV-
WanceV beWZeen daWa poinWV on a manifold Zill be ap-
pUo[imaWed, Zhich Zill pUoYe XVefXl Zhen inWeUpUeWing 
Whe UelaWionVhip beWZeen Whe daWaVeW¶V elemenWV. FLJ-
XUe 3 iV a ploW of boWh IVomap, and MDS WhaW XWili]eV 
Whe DijkVWUa algoUiWhm. ThiV giYeV FLJXUe 3 Whe capa-
biliW\ Wo conVWUXcW a WhUee-dimenVional manifold ZiWh 
VimilaU poinWV being cloVe WogeWheU. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FLJXUe 3. A VaPSOe SORW Rf 1000 SRLQWV UedXced 
WR WKUee dLPeQVLRQV Rf [, \, aQd ] LQ bRWK IVR-
PaS aQd MDS ZLWK  cRPSXWeU JeQeUaWLRQ WLPe 
dLVSOa\ed. PoinWV conViVW of aUbiWUaU\ YalXeV in WhUee-
dimenVionV in Uange of figXUe Vi]e. IVomap iV Whe mani-
fold conWaining all daWa poinWV Zhile MDS YieZV iW 
fUom a diffeUenW angle Wo capWXUe iWV depWh. PoinWV WhaW 
aUe cloVe WogeWheU aUe VimilaU ZiWh UeVpecW Wo Whe aUbi-
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WUaU\ paUameWeUV of WhiV daWabaVe ploW. SimilaU/local 
poinWV aUe highlighWed in VimilaU coloXUV foU eaV\ iden-
WificaWion of WheiU VhaUed chaUacWeUiVWicV (Vee Appendi[ 
B). 

oWheU, oU elVe a GUamian maWUi[ Zill noW foUm. ThiV ZaV 
conclXViYe acUoVV all papeUV, bXW ZaV UaWheU YagXe and 
Xne[plained, leading Wo moUe TXeVWionV. The JXp\WeU 
NoWebook VimXlaWionV in FLJXUe 3 ZeUe cUeaWed XVing 
an open VoXUce daWaVeW, bXW iW iV TXeVWionable ZhaW Whe 
oXWpXW ZoXld haYe been if Whe KNN and MDS diVWanc-
eV did noW coUUeVpond. The ciWed liWeUaWXUe alVo did noW 
make noWe of WhiV dilemma, oU hoZ iW coXld be Ue-
VolYed. AddiWionall\, Whe papeUV diVcXVVed WhaW Whe 
KNN and MDS YalXeV can onl\ deYiaWe VlighWl\ Wo \ield 
an adeTXaWe GUamian maWUi[. ThiV iV \eW again a YagXe 
phUaVe WhaW begV an e[planaWion. WhaW amoXnW oU peU-
cenW can Whe UeVXlWV of Whe WZo meWhodV deYiaWe in oU-
deU Wo VWill \ield a fXncWioning GUamian maWUi[? In oU-
deU Wo impUoYe Whe algoUiWhm foU fXWXUe XVe, and com-
baW Whe dilemma of diffeUenW KNN and MDS diVWanceV, 
a WhoUoXgh XndeUVWanding of Whe XndeUl\ing caXVeV 
mXVW be e[ploUed. An addiWional limiWaWion WhaW aUoVe 
dXUing WhiV e[ploUaWion conceUned Whe foXndaWional 
concepW of dimenVionaliW\ UedXcWion. Man\ papeUV 
noWed WhaW compXWeUV Zill UedXce dimenVionV Vome-
ZhaW VpaUingl\ Wo aYoid Whe loVV of YiWal infoUmaWion. 
NoW all paUameWeUV WhaW aUe deemed iUUeleYanW aUe Ue-
moYed. ThiV iV Vimple, bXW UaWheU YagXe fUom Whe peU-
VpecWiYe of pUogUamming. HoZ do algoUiWhmV Uank iU-
UeleYanW pieceV of infoUmaWion Wo pUeVeUYe knoZledge 
fUom Whe daWaVeW? QXanWif\ing Whe ideaV behind WhiV 
concepW ZoXld be beneficial Wo fXUWheU XndeUVWand Whe 
nXanceV of Whe manifold leaUning algoUiWhm. MoUeoYeU, 
iW ZoXld be faYoXUable  Wo pUoYide infoUmaWion on Whe 
handling of iUUeleYanW infoUmaWion befoUe iW iV inWegUaW-
ed inWo Whe final model. AddUeVVing WheVe YagaUieV 
ZoXld VignificanWl\ impUoYe ideaV aUoXnd WhiV concepW. 
AlWhoXgh WheUe aUe Vome limiWaWionV in WhiV liWeUaWXUe 
UeYieZ, Whe geneUal concepWV of manifold leaUning ZeUe 
eaVil\ XndeUVWood and appeaU Wo be e[WUaoUdinaU\ in 
WheiU fXWXUe implicaWionV. 

APPLICATIONS 

IVomap and MDS aUe incUedible WoolV Wo XVe in Whe 
modeling of manifoldV fUom laUge and comple[ da-
WaVeWV. The IVomap effecWiYel\ UedXceV Whe dimenVion-
aliW\ of Whe pUoYided daWaVeWV, Zhich alloZV Whe mani-
fold Wo be deUiYed ZiWh eaVe. NeYeUWheleVV, WhiV pUoceVV 
iV noW peUfecW. TheVe algoUiWhmV aWWempW Wo UedXce di-
menVionaliW\ in oUdeU Wo limiW Whe noiVe in Whe daWaVeW 
Zhile mainWaining UeleYanW paUameWeUV. AV a Za\ Wo 
pUeYenW loVing all YiWal infoUmaWion, Whe algoUiWhm ma\ 
be ³geneUoXV´ in Whe VenVe WhaW noW all paUameWeUV WhaW 
aUe deemed iUUeleYanW aUe UemoYed. UlWimaWel\, Vome 
inapW infoUmaWion Zill be inclXded in Whe final model, 
Vo Whe pUoceVV iV noW enWiUel\ efficienW. An adYanWage Wo 
XVing IVomap oYeU MDS iV Whe Wime diffeUence. IVomap 
W\picall\ WakeV leVV Whan half Whe Wime of MDS, Zhich iV 
adYanWageoXV foU ZideVpUead fXWXUe applicaWionV 
ZheUe compXWeUV aUe e[pecWed Wo TXickl\ find UelaWion-
VhipV in laUge-Vcale daWaVeWV.37 FoU inVWance, VXppoVe 
miliWaU\ peUVonnel ZanWed Wo find Whe e[acW locaWion of 
a Vpecific WaUgeW fUom Yoice daWa.38 IVomap ZoXld be 
ideal foU WhiV ViWXaWion aV iW iV UelaWiYel\ faVW and ZoXld 
VegUegaWe Whe aXdio VampleV baVed on VimilaU chaUac-
WeUiVWicV, VXch aV langXageV and Vpeech paWWeUnV. ThiV 
coXld When be cUoVV-UefeUenced ZiWh collecWed aXdio 
fUom neaUb\ WUanVpondeUV and XlWimaWel\ aVViVW Whe 
miliWaU\ in WUiangXlaWing Whe WaUgeW locaWion.38 In diffeU-
enW ciUcXmVWanceV, MDS ma\ be ideal Zhen anal\]ing 
YoWing daWa and pUedicWing Whe oXWcome of elec-
WionV.39,40 An MDS algoUiWhm coXld conVWUXcW a YiVXali-
]aWion of YoWeUV b\ paUameWeUi]ing WheiU YoWing hiVWoU\. 
ThiV ZoXld ZoUk Wo VegUegaWe gUoXpV ZiWh VimilaU in-
WeUeVWV. ThoVe WhaW aUe gUoXped cloVel\ WogeWheU ZiWh 
Vmall neighboUing diVWanceV Zill likel\ YoWe in a VimilaU 
faVhion. ThiV can be XVefXl in deWeUmining Zhich 
gUoXpV aUe fiUm in WheiU poViWion and oWheUV Zho aUe 
UelaWiYel\ lenienW baVed on WheiU UelaWiYe poViWion along 
Whe a[eV. FUom WhiV, elecWoUal YoWing campaignV can 
WaUgeW Vpecific demogUaphicV WhaW aUe elXcidaWed fUom 
WhiV pUoceVV.41 TheVe aUe meUel\ a feZ applicaWionV of 
manifold leaUning, an incUedible Wool WhaW Zill likel\ 
Vee WUemendoXV gUoZWh in UeVeaUch-oUienWed fieldV. 

LIMITATIONS 

A nXmbeU of limiWaWionV occXUUed WhUoXghoXW WhiV liW-
eUaWXUe UeYieZ, all of Zhich ZeUe a UeVXlW of Whe mani-
fold leaUning meWhod. AV menWioned in Whe IVomap and 
mXlWidimenVional Vcaling VecWion, Whe IVomap and 
MDS diVWanceV cannoW deYiaWe Woo mXch fUom one an-

CONCLUSION 

ThiV e[ploUaWion on manifold leaUning haV pUoYed Wo 
be adYanWageoXV aV iW ZoUkV Wo XnWangle Whe comple[i-
WieV behind geomeWUic inWeUpUeWaWionV of daWa, Zhile 
illXminaWing Whe benefiWV WhaW Whe pUocedXUe can pUo-
Yide Wo daWa anal\WicV. ThoXgh manifold leaUning haV 
become an incUeaVingl\ popXlaU aUea of VWXd\ ZiWhin 
machine leaUning, mXch iV VWill XnknoZn. ThiV papeU 
e[ploUed onl\ WZo meWhodologieV of manifold leaUning: 
IVomap and mXlWidimenVional Vcaling. ThiV iV noW an 
e[haXVWiYe liVW aV man\ moUe e[iVW, and conWinXe Wo 
deYelop. TeVWing a mXlWiWXde of algoUiWhmV ma\ pUo-
Yide diffeUenW peUVpecWiYeV and UeVXlWV, Zhich ZoXld 
impUoYe VcienWific XndeUVWanding in WhiV aUea of diVci-
pline. UWili]ing moUe Ueal-ZoUld daWa VeWV ZoXld alVo 
be of gUeaW benefiW. IW iV impoUWanW Wo WUain algoUiWhmV 
Wo deWeUmine ZheWheU Whe\ pUoYide VenVible oXWcomeV, 
bXW Ueal-ZoUld daWa VhoXld alVo be XVed Wo WeVW if Whe 
meWhodologieV can haYe ZideVpUead applicaWionV. PeU-
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hapV moVW Ueal-ZoUld daWaVeWV do noW lie along an em-
bedded manifold. Reali]ing WhiV noZ and adjXVWing Whe 
deYelopmenW of WheVe algoUiWhmV ZoXld be Whe beVW 
opWion. Manifold leaUning aV a meWhodolog\ pUoYeV Wo 
be a pUomiVing UeVoXUce in elXcidaWing meaningfXl Ue-
laWionVhipV fUom oWheUZiVe comple[ daWaVeWV. 
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ThiV papeU and Whe UeVeaUch behind iW ZoXld noW haYe 
been poVVible ZiWhoXW Whe e[cepWional VXppoUW of m\ 
menWoU, KhaZaU Zaidi. HiV enWhXViaVm, knoZledge 
and e[acWing aWWenWion Wo deWail haYe been an inVpiUa-
Wion and kepW m\ ZoUk on WUack fUom m\ fiUVW encoXn-
WeU ZiWh Whe concepWV of manifoldV, Wo Whe final dUafW of 
WhiV papeU. I am alVo gUaWefXl foU Whe inVighWfXl com-
menWV offeUed b\ m\ colleagXeV in Whe BacheloU of In-
WegUaWed Science pUogUam aW McMaVWeU UniYeUViW\. The 
aXWhoUV UepoUW no conflicWV of inWeUeVW. 
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